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Abstract 
The article dwells on a model of a surface crack growth for a cylinder of a long-stroke compressor taking into account plastic 
deformations in a crack tip and a type of loading. We have obtained experimental data for cross-shaped samples made of 
engineering material; the samples have been used to study the effect of biaxial loading on a crack growth rate. The crack growth 
has been examined comparing the results obtained under monoaxial tension and under biaxial compression-tension. The fracture 
in a fatigue crack tip is presented as a combination of brittle fracture on a crack tip and as a ductile fracture in a propagation zone 
of plastic deformations. The finite element method with linear hardening in a zone of plastic deformations have been used to 
explore a stress state in a crack zone. The formula is proposed to determine the growth rate of fatigue cracks taking into account 
brittle and ductile stress parameters in the crack tip. 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
A periodic change in pressure and temperature of working gas in a cylinder of a compressor [1] that can result in 
fatigue surface cracks [2] is a special feature of piston compressor operation. Operating practice of high-loaded 
elements for petrochemical (including, compressor) equipment, made of engineering materials (for instance, steel 
and/or aluminum alloys), shows that one of the main reasons for fractures is a fatigue destruction due to formation 
of fatigue blind surface cracks [3,4]. 
 
 
* Corresponding author. Tel.: +7-913-965-54-74 
E-mail address: vansovichka@mail.ru 
 16 Published by Elsevier Lt . This is an open access article under the CC BY-NC-ND license 
(http://creativecommons. rg/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Omsk State Technical University
241 K.A. Vansovich et al. /  Procedia Engineering  152 ( 2016 )  240 – 246 
Surface cracks are one of the most widespread defects of components for pressure vessels [5,6]. The problem of 
formulation for fracture criteria of cylindrical shells with surface cracks remains important for a long time. The 
estimate of engineering durability for elements containing surface cracks can be made by means of various 
parameters of fracture mechanics, according to various fracture mechanisms. It should be noted that the problem of 
fracture and limiting states for pressure vessels with surface cracks is solved by using three approaches: analytical 
solution development [5]; application of numerical methods for stress and deformation analysis [6,7,8]; 
experimental studies [4,9] which allow us to estimate the results of analytical or numerical solutions. Fracture in 
steel beyond the scope of linear-elastic mechanics is examined in [8,9,10,11]. 
2. Study subject 
The results of experimental and theoretical studies of biaxial stress state effect on the growth rate of surface 
cracks for aluminum alloy AK6 taken as an example as one of ductile and plastic alloys widely used in industry are 
given in this article. We have developed cross-shaped samples for these researches. The technique of carrying out 
these experiments is described in details in [12]. The thickness of the sample's working part is 10 mm. The stress 
state of a cross-shaped sample has been examined in ANSYS Workbench program. Figure 1 shows calculation 
results of stresses for biaxial loading of a cross-shaped sample by a vertical impact of testing machine 50 kN. 
 
                                 
             
 
 
 
 
 
 
 
 
 
                           a)                                                                           b)                                                    c) 
Fig. 1. Defining stresses in a working zone of a cross-shaped sample (a) calculations; (b) finite element model; (c) results of calculations for 
stresses. 
A surface fatigue crack while growing tends to take a semielliptical shape, which will be geometrically described 
by the sizes of large (2 c) and small (a) semi-axes (Fig. 2).  
 
                                     
 
 
 
 
Fig. 2. Fracture surfaces of fatigue failures for AK6 alloy samples a - the depth of semielliptical surface crack; 2c - the crack length measured on 
a sample surface. 
The results of fatigue tests under various extent of biaxial stresses in a surface crack zone are given in Fig. 3. The 
extent of biaxial loading λ = σx/σy is defined by the relation of normal stresses in the center of working zone in the 
sample (Fig. 1a). Stress σy  which is perpendicular to the crack plane, opens the crack under loading and can have 
only positive values while, stress σx, works parallel to the crack plane, can result in stresses of compression or 
tension, i.e. its value can be both positive and negative. Based on the analysis of the obtained experimental data (Fig. 
2) it is established that under compressing stress σx the number of cycles increased before the destruction of sample, 
а 
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but the crack growth rate decreased. Conversely, under tension stress σx the number of cycles before the fracture 
decreased but the crack growth rate increased. Figure 3 shows λ = + 0.9 is tension - tension; λ = 0 is monoaxial 
tension; λ = - 0.9 is compression-tension. 
 
  
                                        a)                                                                                                    b) 
Fig. 3. The effect of loading technique on the growth of fatigue cracks, σy = 120 МPa (a) a crack depth; (b) a crack growth rate. 
The research method of elastic-plastic stresses in a crack tip, explaining the effect of biaxial loading extent on the 
growth rate of fatigue surface cracks is proposed in this article. This method is based on the concept of fatigue 
fracture process as a combination of independent phenomena occurring ahead of a crack front. Those phenomena 
are characterized by metal embrittlement on one hand, and, on the other hand, by large plastic deformations arising 
at the crack tip in a cross direction to a crack propagation plane. It is important to note that these deformation 
processes are examined directly at the crack tip at the distance of no more than 0.1 mm from it. In this regard, the 
characteristic grid size of finite elements equals 0.001 mm. 
We have compared calculation results to the data of experiments obtained in testing of cross-shaped samples for 
compression-tension and biaxial tension. The research is based on the analysis of deviation in the fatigue crack 
growth rate under biaxial loading from the crack growth rate recorded under monoaxial loading of prismatic samples 
of a rectangular cross section with a surface crack. 
Two zones of material plastic deformation in the tip are shown in Fig. 4 as an example of calculation for 
equivalent stresses σequ under monoaxial loading. In zone 1 the metal embrittlement occurs because of the growth in 
all three components of normal stresses in the crack tip which, irrespectively of loading type, have high tension 
values. In zone 2 large plastic deformations arise because of the development of tangent stresses in a crack 
propagation: a part of material with a free surface is subjected to a cross shear relative to undisturbed part. 
Previously, the authors [12] have established that the sizes of plastic deformation zone in the crack tip (zone 2) are 
correlated with changing in the growth rate of fatigue cracks under biaxial loading. However, the value effect of 
stresses developing directly at the crack tip on its growth rate is not considered in the paper. We have found that 
with the increase of plastic deformation zone, the crack growth rate decreases. This relation is especially seen in 
testing of samples for compression-tension, when plastic deformations develop most actively. The task of this 
research is to define parameters describing a stress state in zones 1 and 2 taking into account fracture processes 
typical for these parts of material and to estimate their effect on the growth rate of fatigue surface cracks under 
different types of loading. 
crack rate, μm/cycle length crack, mm 
a, mm N х 103, cycle  
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Fig. 4. Deformation zones in a crack tip: 1 – zone of material embrittlement; 2 – zone of large plastic deformations. 
Exploring the process of fatigue fracture, we have assumed that a destruction in the crack tip occurs 
simultaneously both in zone 1 and in zone 2. However, fracture mechanisms in these zones are essentially different. 
In zone 1 a brittle fracture occurs, characterized by the value of normal tensile stresses, this kind of fracture differs in 
the value of average stress σ0 for various types of loading. In zone 2 a ductile fracture by shear occurs and it is 
numerically estimated by equivalent stresses σequ and maximum tangent stresses τmax.  
The material embrittlement of the crack tip in zone 1 is characterized by the development of big tension stresses. 
A triaxial tension takes place here: stresses σу, perpendicular to crack planes have maximum values (Fig. 5a); 
stresses σx and σz  also have high positive values exceeding a tensile strength of alloy σh = 380 МPa. 
The brittle fracture occurring ahead of the crack front in zone 1 because of high tension stresses is proposed to 
define as dimensionless value β = σ0/τmax. The increase in this parameter results in a more active fracture by tear 
ahead of the crack front and therefore in the course of fatigue fracture the crack growth rate increases. Figure 5a 
shows the results of calculation for parameter β for various types of loading. The analysis of plots in this figure 
allows us to draw a conclusion that the proposed parameter β describes the increase in crack growth rate only under 
biaxial tension, but this parameter cannot be applied in case of compression-tension as the plot in Fig. 5b in this case 
is nearly identical to the plot constructed for monoaxial tension. 
In case of biaxial tension, parameter βλ needs to be compared to parameter β0 calculated for monoaxial tension, 
i.e. to define the change of crack growth rate taking into account relation βλ/β0. 
The comparative analysis of results for fatigue tests (Fig. 5b) and calculation results of parameter β (Fig. 5b) has 
enabled us to establish that relation βλ 0.05 / β0 0.05 =3.97/2.72 = 1.46 is very close to the relation of rates 
(da/dN) λ= +0.9 / (da/dN) λ=0 = 0.172/0.116 = 1.48 for the crack of size a = 5 mm and the distance ahead of the crack 
front is 0.05 mm. 
 
 
a)                                                                                                                         b)  
Fig. 5. (a) Distribution of normal stresses at the crack tip (b) dimensionless parameter β = σ0/τmax for various types of loading. 
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To estimate numerically the crack growth rate in case of tension-compression it is necessary to explore the metal 
fracture in zone 2. We suppose the formation of free surfaces in shear occurs if equivalent stresses exceed the 
material tensile strength i.e. when σequ > σh. The destruction develops along the planes of maximum plastic 
deformations, i.e. close to a perpendicular direction towards the crack growth plane. Let us assume that such 
destruction will reduce the crack growth rate in the main direction due to "release" of part of energy for crack 
opening along minor directions of the fracture. 
Fig. 8 shows calculation results of equivalent stresses at a crack tip in zone 2 exceeding σh = 380 MPa. 
Compression-tension loading of a cross-shaped sample and monoaxial loading of a prismatic sample are compared. 
We do not provide the results for biaxial tension of the cross-shaped sample because of their negligible difference 
from the calculation results for monoaxial loading. We propose to define the typical size of equivalent stress zone in 
the direction normal to the plane crack. This typical size of equivalent stress zone σequ > σh equals d = 0.0059 mm 
under compression-tension, and under monoaxial tension this size is d = 0.0042 mm. 
 
 
                                                а)                                                                          b) 
Fig. 6. Equivalent stresses of a crack tip in zone 2, exceeding σh = 380 МPa: (а) λ = - 0,9; (b) λ = 0. 
Maximum von Mises equivalent stress is proposed to be another value describing fracture processes by shear in 
zone 2 (Fig. 7). The analysis of calculation results has shown that plastic deformations develop more intensively 
under compression-tension, than under monoaxial loading, that is illustrated in 3-dimensional charts for 
compression-tension (Fig. 7). Maximum equivalent stresses under compression-tension are σmax equ = 565 МPa, and 
under monoaxial compression those stresses are σmax equ = 468 МPa. 
A joint analysis of pilot studies and calculation results of stresses at the crack tip in zone 2 allows us to choose 
the parameter which adequately reflects the dependence of fatigue crack growth rate on the intensity of fracture 
processes, occurring by shear mechanism in a cross direction to the crack plane. We propose to calculate this 
parameter as a product of maximum stresses σmax equ for the size of zone for plastic deformations d (Fig. 6):  
    γ = σmax equ·d   (1) 
Parameter γ is supposed to be used only for comparison of the crack growth under biaxial and monoaxial loading 
i.e. as relation γλ/γ0, where γλ is defined for biaxial loading with biaxiality coefficient λ, and parameter γ0 is defined 
for monoaxial loading when λ = 0. In this case the dimension of given values has no basic importance. For the case, 
when opening stresses σу = 120 МPa (Fig. 3) and the surface crack size а = 5 mm, for λ = -0,9 parameter is γλ = 
565·0.0047 |  2.66 МPa·mm (Fig. 6, 7) and for  λ = 0 – parameter γλ = 468·0.0037 |  1.73 МPa·mm. Hence we 
have relation γλ/γ0 | 1.54. Let us compare the relation of rates (fig. 3) (da/dN)0 /(da/dN)λ = 0.116/0.074 | 1.57 for 
this variant of calculations. This example shows that there is a good correlation between the relation of rates under 
biaxial loading and relation of parameters describing fractures in a plastic deformation zone at a crack tip. 
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a)                                                                                       b) 
Fig. 7. Diagrams of equivalent stresses at a crack tip in zone 2 (а) compression-tension; (b) monoaxial compression. 
 
Having generalized the obtained results of experimental researches and calculation results of stresses at the crack 
tip in zones 1 and 2 the formula to determine the fatigue crack growth rate under biaxial loading is offered 
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To obtain formula (2) the classical Paris' law, used to estimate the fatigue growth of a crack under monoaxial 
cyclic loading has been used [13]. Using the relation of parameters βλ / β0, the proposed formula allows us to take 
into account the influence of fracture processes that occur in a zone of embrittlement on the growth rate of a crack. 
Relation γλ/γ0, reflecting the influence on the growth rate of a crack in plastic deformations at the crack tip in zone 
2, is in a denominator of the formula (2). Thus under biaxial tension the relation βλ / β0 > 1, and the calculated value 
of crack rate is bigger, than under monoaxial tension. The relation of parameters is γλ/γ0 > 1 under compression-
tension, but the growth rate of a crack is slower, than under monoaxial loading. When βλ  = β0 and γλ = γ0, the 
formula (2) becomes Paris' law. 
3. Conclusion 
The proposed model of growth for fatigue surface cracks in thick-walled structural components made of 
engineering materials allows us to estimate remaining resources if constants С and n of Paris' law are known and can 
be defined on the basis of results for fatigue tests which have been performed under monoaxial cyclic loading of 
prismatic samples with a surface crack. Thus, to define the remaining resource of parts with a surface crack it is 
necessary to investigate its stress-strain state under external loads and to define biaxiality extent of loading in the 
crack. Then, it is necessary to select an element with a crack and to simulate a zone of deformations of 0.1 mm in 
size directly in the crack tip. The size of finite elements equals 0,001 mm in this area. The stresses at the crack tip 
are calculated for monoaxial and biaxial loading with a set coefficient of biaxiality. After definition of parameters 
βλ, β0 and γλ, γ0, describing a stress state at the crack tip, the formula (2) is used to determine the growth rate under 
biaxial loading. To define the number of cycles before a maximum crack propagation the integration of equation (2) 
is performed with recorded crack shape and sizes, which can be determined by nondestructive inspection techniques. 
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